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A model derived from hydrodynamic simulations
for extracting the size of spherical particles from
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Nam-Joon Cho *a,b,c

One challenging aspect of quartz crystal microbalance (QCM) measurements is the characterization of

adsorbed particles as the change in resonance frequency (Δf ) is proportional not only to the inertia of the

adsorbed layer but also to that of the hydrodynamically coupled fluid. Herein, by solving numerically the

Navier–Stokes equations, we scrutinize Δf for sparsely deposited, rigid spherical particles that are firmly

attached to an oscillating surface. The analysis is shown to be applicable to adsorbed, small unilamellar

vesicles (SUVs) of controlled size under experimental conditions in which adhesion-induced vesicle

deformation is negligible. The model supports a hydrodynamic explanation for the overtone dependence

of Δf, and was fitted to experimental data concerning three monodisperse populations of SUVs with

different average sizes ranging between 56 and 114 nm diameter. Using this procedure, we determined

the average size of adsorbed vesicles to be within 16% of the size that was measured by dynamic light

scattering experiments in bulk solution. In conclusion, this model offers a means to extract the particle

size from QCM-D measurement data, with applications to biological and synthetic nanoparticles.

Introduction

The quartz crystal microbalance with dissipation monitoring
(QCM-D) is a measurement technique that enables highly sen-
sitive characterization of adsorbates, and has found wide
applications across the interfacial sciences and
biotechnology.1–4 The QCM-D operates as a label-free, acoustic
sensor. Its transducing element is a thin (typically 0.3 mm)
quartz crystal, which is piezoelectrically driven to execute a
thickness-shear oscillation at its resonance frequency (typically
5 MHz) and odd overtones thereof.5 In conventional measure-

ment configurations, this resonance frequency f and the width
of the resonance peak Γ, or equivalently the rate of the energy
dissipation D = πΓ/f, are measured, and changes in these
measurement signals may occur due to adsorption, desorp-
tion, or structural reconfiguration events occurring on the
quartz crystal surface.6,7 The oscillating quartz emits a vis-
cously damped shear wave into the surrounding fluid, which
can be either gas or liquid. The decay length of these waves
(which in water equals 250 nm for a 5 MHz, AT-cut quartz
crystal) is referred to as the viscous penetration depth δ.8

Owing to these hydrodynamic effects, the QCM-D technique is
sensitive to not only the adlayer, but also to the corresponding,
so-called “coupled fluid”.9 In their seminal work, Kanazawa
and Gordon analyzed the effect of the coupled fluid on the
QCM-D signal as a function of the viscosity and the density of
the fluid.10

Extracting the adlayer material and/or the geometrical pro-
perties, such as thickness, roughness or elasticity, usually
requires fitting the QCM-D data with a model for the force
acting on the oscillating quartz. Over the years, various models
have been developed. The most widely used model is the
Sauerbrey model, which is a proportionality between the reson-
ance frequency Δf and the adsorbed mass11 that is valid when
the adlayer is perfectly flat, rigid and firmly attached to the
quartz surface. While these conditions may be satisfied for
small and strongly adhering molecules, it may not hold for
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flexible layers, composed of e.g. soft, water-rich biomacro-
molecules or lipid bilayers, where slippage occurs between the
monolayers at the solid-to-liquid crystalline phase transition
temperature.12 Modeling flexible adlayers requires including
elastic and dissipative material properties. Mason et al.13 and
later Voinova et al.14 extended the Sauerbrey model to include
these properties, based on shear wave theory in viscoelastic
media. In addition to the adlayer thickness and mass, the
resulting model also provides the (frequency dependent)
storage and loss moduli of the adlayer.14–16

It should be emphasized that the above mentioned models
assume a laterally homogeneous film. Consequently, when the
absorbed mass is laterally heterogeneous, e.g., in the form of
individual particles, the validity of these models breaks down.
Consequently analyzing heterogeneous layers using QCM-D
requires solving the interaction between these lateral vari-
ations and the surrounding fluid using the three-dimensional
hydrodynamics equations. This task has been completed for
rough surfaces,17 where the hydrodynamics is analytically
tractable, when the amplitude of the roughness is small com-
pared to its wavelength.18 In addition, laterally heterogeneous
problems have been reduced to analytically tractable, laterally
homogeneous problems using volume-averaging. This
approach has been applied to porous layers,19 and to layers of
tethered polymers, where in the latter case, a non-Newtonian
rheological model was used to extract the polymer size and
shape from the ΔΓ/Δf ratio.20 In addition there are a few
reports on numerical simulations of the hydrodynamics of
adsorbed particles on oscillating surfaces, providing insight
into the hydrodynamic interaction between adsorbed par-
ticles,21 and into the role of the flexibility of the bonds
between the particles and the surface.22 Another approach ana-
lyzes heterogeneous layers by extrapolating QCM-D data on
(−Δf, −ΔΓ/Δf ) – coordinates to the limit of zero energy dissi-
pation: ΔΓ = 0, which corresponds to a hypothetical layer of
densely and rigidly packed particles.23,24 Assuming the height
of this layer to be equal to the particle size, the latter is esti-
mated using the Sauerbrey relationship. Despite a few agree-
ments with alternative size measurements,35,36 there is no rig-
orous theoretical basis to relate the particle size to −Δf in the
ΔΓ = 0 limit, and it remains an open question as to why the
extrapolation method works in certain cases, while it is unsuc-
cessful in other cases.

Hence, there remain outstanding challenges when analyz-
ing QCM-D data for heterogeneous layers of particles. As men-
tioned above, the complexity of this problem is related to the
coupling between the particles and the surrounding
fluid.17,21,25–30 When the particles are relatively close to each
other, they interact hydrodynamically, i.e., they interact with
fluid disturbances that are generated by neighboring particles.
Since fluid disturbances decay over a length scale on the order
of the particle radius a, there exists a limit of low surface cover-
age, where the distances between the particles are (i)
sufficiently large to prevent hydrodynamic coupling between
the particles and (ii) sufficiently small to ensure a measurable
QCM-D signal. As compared to more dense systems, studying

this limit provides advantages as it reduces the complexity of
the hydrodynamics to that of a single particle, as opposed to
the case where particles are closer together and hydrodynami-
cally interact. While the dynamics of the fluid coupled to hydro-
dynamically interacting particles has been investigated experi-
mentally41,43 and numerically,21 the corresponding fundamen-
tal problem of fluid coupled to hydrodynamically isolated par-
ticles has, to the best of our knowledge, not yet been addressed.

Herein, we analyze the corresponding hydrodynamics of
rigid spherical particles that are firmly attached to an oscillat-
ing surface, using dimensional analysis and numerical simu-
lation. As explained above, we circumvent the problem of
hydrodynamic coupling between the particles by focusing on
the limit of a very low surface coverage. Using this approach,
we are able to derive a model, which allows us to extract the
particle size and the particle surface coverage from QCM-D
measurement data. This approach is markedly different from
conventional QCM-D models, which focus on the dense limit
and model the adlayer as a homogeneous film. We will show
that despite the assumption of the rigidity of the particles, the
model can be applied to characterize soft matter, such as lipid
vesicles, under appropriate experimental conditions.

Problem statement and dimensional
analysis

We consider solid spheres (radius a and mass mP = ρP4πa3/3,
with ρP the particle mass density), which are rigidly attached
to the QCM-D sensor surface. Furthermore, we consider the
limiting case where the spacing between the spheres is much
larger than the sphere radius. In this limit, there is negligible
hydrodynamic coupling between the spheres, which implies
that the QCM-D force for N absorbed spheres equals N times
the force for one isolated sphere. The QCM-D frequency shift
Δf and the bandwidth shift ΔΓ are related to the force ΔF̂
acting on the quartz, as follows:31

Δf
f

þ i
ΔΓ
f

¼ � ΔF̂
iωÛmQ

ð1Þ

Here, Û, f and ω = f2π are the velocity amplitude, the fre-
quency and the angular frequency of the quartz, respectively,
and i ¼ ffiffiffiffiffiffiffi�1

p
. The force ΔF̂ in eqn (1) is referred to as the

“QCM-D force”. Furthermore, for ideal resonators, mQ is the
mass of the quartz, while for real resonators mQ is slightly
different.31 The hat “^” on Û and ΔF̂ indicates a complex
valued amplitude of an oscillating quantity. An oscillating (real
valued) quantity Q is related to its complex valued amplitude
Q̂ via Q = R[Q̂exp(iωt )], where R signifies the real part. As
shown in eqn (1), the real part of ΔF̂/iÛ corresponds to the
inertia component of the QCM-D force, which is in phase with
the displacement oscillation of the quartz surface and is mani-
fested in the Δf response, while the imaginary part of ΔF̂/iÛ
corresponds to the friction component of the QCM-D force,
which is opposite to the velocity oscillation of the quartz
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surface and is reflected in the ΔΓ response. The QCM-D force
ΔF̂ = mPiωÛ + ΔF̂H is composed of two parts, the inertia of the
sphere (mass mP times acceleration iωÛ) and the difference of
the hydrodynamic force ΔF̂H on the combined system of the
oscillating wall and the sphere minus the hydrodynamic force
on the oscillating wall without the sphere.

In ESI section S1,‡ we use dimensional analysis to show that
ΔF̂H depends on the various variables in the following way:

ΔF̂H ¼ iρFa
3ωÛφ̂

δ

a

� �
ð2Þ

Here, δ = (2νF/ω)
1/2 is the viscous penetration depth, νF = ηF/ρF

is the fluid kinematic viscosity, ρF is the fluid mass density,
ηF is the fluid dynamic viscosity, and φ̂ is a (yet unknown)
dimensionless, complex valued function of a single dimen-
sionless variable δ/a. The imaginary unit has been added to
eqn (2) to ensure that the real and imaginary parts of φ̂ corres-
pond to the frequency shift and bandwidth shift, respectively.
Eqn (2) is derived under the assumption of a small Reynolds
number Re = |Û|a/νF. This condition is satisfied under typical
liposome adsorption conditions; see ESI section S1.‡ A small
Reynolds number renders the hydrodynamic equations linear
[eqn (3)], such that the hydrodynamic force ΔF̂H is a linear
superposition of the contributions from the individual over-
tones, i.e., the overtones are decoupled. It is furthermore
emphasized that in the linear, small amplitude regime, the
QCM-D force amplitude ΔF̂ is proportional to the velocity ampli-
tude Û, and the latter does not affect the sensor response,
which measures the ratio between ΔF̂H and Û; see eqn (1).

Hydrodynamic simulations

We simulate the three-dimensional (3D) and time-dependent
hydrodynamics around a solid sphere (radius a), which is
rigidly attached to an oscillating QCM-D surface. We refer to
the combined system of the sphere and the QCM-D surface as
“the substrate”. The substrate oscillates with a velocity |Û|cos(ωt ).
As presented in Fig. 1a, the computational domain consists
of a rectangular box, which is attached to the QCM-D

sensor surface. The sizes of the computational domain in the
horizontal directions are both equal to L, while the domain
size in the vertical direction equals Lz. The coordinate system
is also shown in Fig. 1a. The x direction coincides with the
direction of the oscillation, which is parallel to the wall. The y
direction is parallel to the wall and normal to the x direction.
The z direction is normal to the wall.

As argued above, we assume a sufficiently small Reynolds
number Re = |Û|a/νF, such that the nonlinear, advection term
in the Navier–Stokes equation of fluid motion is negligible,
which then reduces to the linear Stokes equation:

@u
@t

¼ � 1
ρF

∇pþ νF∇2uþ ω Û
�� ��sinðωtÞδx ð3Þ

Here, u is the fluid velocity vector, which has components
(ux, uy, uz), p is the fluid pressure and δx is the unit vector in
the x direction. Eqn (3) describes the flow in the reference
frame that is attached to the oscillating substrate. In this
frame, the substrate appears steady, which offers advantages
when solving the hydrodynamics as compared to the frame in
which the substrate is moving. In the co-moving reference
frame, the Stokes equation [eqn (3)] contains one additional
body force term, which is proportional to minus the accelera-
tion of the substrate: ω|Û|sin(ωt )δx.

The solution to eqn (3) is numerically approximated, by
employing a Lattice Boltzmann (LB) scheme. Details of this
scheme are given in ESI section S2.‡ The 3D space and time
are discretized on a four dimensional hyper-cubic grid, with a
spatial and temporal lattice spacing of Δx and Δt, respectively.
In this grid, the sphere is represented as a 3D staircase, which
is illustrated in Fig. 1b. The flow is initialized using the solu-
tion for the oscillating flat plate, without the sphere u(t = 0) =
|Û|cos(z/δ)exp(−z/δ)δx.32 After startup, the simulated flow
undergoes a transition period before reaching a periodic, oscil-
latory state. The transition period ∼a2/νF is small compared to
one oscillation period T. Simulating two oscillation periods is
therefore sufficient to ensure that the system has reached the
periodic, oscillatory state.

Fig. 1 Numerical setup. (a) Computational domain and coordinate system. (b) Staircase approximation of the sphere, for which the number of
lattice spacings Δx per sphere radius a equals a/Δx = 10.
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From the simulated, time-dependent (real valued) hydro-
dynamic force FH(t ) that acts on the substrate, we compute the
complex valued QCM-D force amplitude ΔF̂ by Fourier trans-
formation. Details of this procedure are outlined in ESI section
S3.‡ As defined in eqn (1), the real part of ΔF̂/iÛ corresponds
to the inertia force of the particle and that of the coupled
fluid, that is responsible for Δf, while the imaginary part of
ΔF̂/iÛ corresponds to the hydrodynamic friction that is respon-
sible for ΔΓ.

As we are interested in Δf as a function of the scaled pene-
tration depth δ/a, we vary the latter parameter between 0.6 and
4.6, by varying the particle radius a/Δx between 10 and 20 and
by varying the frequency fΔt between 0.25 × 10−4 and 4 × 10−4,
while keeping the viscosity fixed at νF = 1/6 Δx2/Δt. The fluid
mass density ρF has the value of one in the simulations. An
overview of the parameters is given in ESI Table S1.‡ The
absolute value of the velocity amplitude is |Û| = 10−4 Δx/Δt,
which ensures a small Reynolds number, i.e., Re = |Û|a/νF ≤
1.2 × 10−2, which validates the use of eqn (3). To verify that the
staircase approximation (Fig. 1b) is sufficiently accurate, i.e.,
that we are using sufficient grid resolution, and that the
domain is sufficiently large, we validate in ESI section S4‡ the
accuracy of the present numerical method, by comparing simu-
lations to analytical solutions for two test cases (see ESI Tables
S2 and S3 and Fig. S2‡). In addition, we compare simulations of
the sphere on the oscillating wall for different grid resolutions
(see Table S1 and Fig. S3‡), which show that for δ/a < 3 there is
grid-independence for the frequency shift (<1%) and a slight
grid dependence for the bandwidth shift (<10%).

QCM-D experiments

In this work, we derive from hydrodynamics simulations a
relationship between the QCM-D frequency shift and the size
of adsorbing spherical particles. In order to test this relation-
ship, QCM-D experiments were conducted at 25.0 ± 0.5 °C in
order to monitor the adsorption of small unilamellar vesicles
(SUVs) onto a surface that is coated with TiO2. The coating
ensures intact vesicle adsorption without rupture; see e.g. ref.
33–35. The QCM-D signals are recorded for overtones n = 3, 5,
7, 9, and 11. The first overtone is omitted due to the anoma-
lous radial sensitivity of this particular sensor for n = 1, as
compared to the other overtones.36

Details of the materials and methods are provided in ESI
section S6.‡ Briefly, SUVs are produced by mixing 1,2-dioleoyl-
sn-glycero-3-phosphocholine lipids with an aqueous, buffer
solution (pH 7.5), containing 150 mM NaCl, and extruding the
mixture through a membrane with either 30 nm, 50 nm or
100 nm pores. We refer to these vesicles as SUV1, SUV2 and
SUV3, and properties are summarized in Table 1. The resulting
nominal (intensity-weighted) vesicle radii are measured by
dynamic light scattering (DLS) to be 27 nm, 38 nm and 57 nm,
respectively. The corresponding size distributions are pre-
sented in ESI Fig. S4.‡

It is known that lipid vesicles deform into a dome shape
upon adsorption, due to the van der Waals surface adhesion
force.37 It is also known that in the present system, the surface
adhesion force increases with the ionic strength, due to the
screening of repulsive electrostatic forces, since both TiO2 and
DOPC are negatively charged in aqueous, buffer solution; see,
e.g., ref. 38. Since our focus is on spherical particles, we mix
the vesicles in a buffer solution, with a relatively low ionic
strength: 75 mM, which reduces the adhesion force, and
induces a negative osmotic pressure that counteracts and
minimizes possible shape deformations.39 Previous studies,
based on QCM-D and localized surface plasmon resonance
experiments, showed that under similar ionic strength/
osmotic pressure conditions, SUVs adhere firmly to the TiO2

surface and remain nearly spherical.35,40

It is noted that transmembrane ion diffusion through the
DOPC membrane may result in equilibration of the internal
and the external ion density. However, the equilibration time
scale, which is limited by the transmembrane diffusivity of
sodium (see ref. 41 and references therein), which is orders of
magnitude smaller than that for chloride,42 is estimated in the
range 103–107 s, depending on the measurement technique
and lipid used. Since this time scale is, on average, beyond the
current experimental measurement period, we expect a trans-
membrane osmotic pressure difference during the experiment.

In order to elucidate the effect of ionic strength on the
vesicle shape, we conducted a control QCM-D vesicle adsorp-
tion experiment, where SUV2 was mixed in aqueous, buffer
solution with a relatively high ionic strength: 250 mM NaCl.

To verify that in low ionic strength (75 mM) the liposomes
(i) are firmly adhering to the substrate; (ii) are assuming a spheri-
cal shape; and (iii) are not deformed by hydrodynamic forces, we
estimate the various forces that act on the vesicles, which are the
surface adhesion force: FA = EAa = 4 × 10−12 N, the membrane
bending force: FB = 8πκ/a = 6 × 10−11 N,37 the osmotic pressure
force: FO = 4πa2ΔcRT = 7 × 10−9 N,37 and the hydrodynamic force:

FH ¼ ΔF̂H
�� �� ¼ ρFa

3ω Û
�� �� φ̂ δ

a

� �����
���� ¼ 1� 10�11 N. Here, EA = 6 ×

10−5 J m−2 is the adhesion energy density between the lipid
bilayer and TiO2 surface (estimated in ref. 38), a = 6 × 10−8 m is
the vesicle radius (for SUV3 see Table 1), κ = 10−19 J is the mem-
brane bending energy, Δc = 150 mol m−3 is the ion concentration
difference over the bilayer, R = 8.3 J K−1 mol−1 is the ideal gas
constant, T = 295 K is the temperature, ρF = 103 kg m−3 is the
fluid mass density, ω = 2πf0 is the angular frequency of the

Table 1 The vesicles, studied in this work, are extruded through filters
with three different pore sizes. The nominal radius a measured by
dynamic light scattering is intensity weighted. The radius a predicted by
the model is obtained by fitting eqn (6) to QCM-D data on (−Δf/n, δ)-
coordinates, as exemplified in Fig. 4d below

Name Pore size [nm] a [nm] DLS a [nm] eqn (6)

SUV1 30 28 24
SUV2 50 38 32
SUV3 100 57 53
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quartz, f0 = 5 × 106 s−1 is the fundamental frequency of the
quartz, |Û| = ωd = 6 × 10−2 m s−1 is the velocity amplitude of the
quartz, d = 2 × 10−9 m is the displacement amplitude of the

quartz,43 and φ̂
δ

a

� �����
���� ¼ 30 is estimated from Fig. 3a below.

Since the osmotic force is several orders of magnitude
larger than the adhesion force: FO ≫ FA and the hydrodynamic
force: FO ≫ FH, the vesicles are likely to assume a (nearly)
spherical shape, and do not experience shape fluctuations. In
addition, the time scale associated with transmembrane water
diffusion, based on permeability measurements, is in the
range of 10−4–10−3 s,44 which is several orders of magnitude
larger than one oscillation period 2 × 10−7 s, prohibiting
volume changes that are associated with shape fluctuations.

The adhesion force (estimated at 150 mM ionic strength in
ref. 38) is of the same order of magnitude as the hydrodynamic
force FH, which means that vesicles may be subject to sliding
or rocking motion. Below we discuss the magnitude of these
effects, based on a comparison between experimental and
numerical results.

Results and discussion
Simulations

In Fig. 2a, we visualize the x-component of the simulated fluid
velocity ux in the vertical xz-plane, intersecting the sphere on
the oscillating wall. The snapshot is taken at time t = 7T/4,
where T = 1/f is one oscillation period. This is the moment,
when the quartz velocity equals zero. The scaled penetration
depth in this case is δ/a = 0.6. For reference we plot in Fig. 2b
the theoretical velocity field next to an oscillating wall without
a sphere, using the same parameters: ux(t = 7T/4) = |Û|sin(z/δ)
exp(−z/δ). The penetration depth δ is visualized in Fig. 2b by
the thin region next to the wall, with a non-zero velocity (red).

In Fig. 2c, we plot ux profiles on vertical line traces. The profile
directly above the sphere [marked by (1) in Fig. 2a] is somewhat
different from the profile directly above the plane [away from
the sphere; marked by (2) in Fig. 2a] with a stronger reversed
flow region, which corresponds to a vortex that is being shed
from the sphere each cycle; see ESI Movie S1.‡ For comparison,
we also plot the theoretical profile in Fig. 2c [marked by (3) in
Fig. 2b], which matches the numerical solution away from the
sphere very well.

Fig. 3 shows the complex valued, scaled QCM-D force
ΔF̂/(iρFa3ωÛ). As defined in eqn (1), the real and imaginary
parts of the scaled QCM-D force correspond to the QCM-D
frequency and bandwidth shifts. Fig. 3a shows the real part R
as a function of δ/a. It is seen that, for δ/a < 3, the data are well
described by the following linear function of δ/a:

R
ΔF̂

iρFa3ωÛ

� �
¼ 4:2

ρP
ρF

þ 4:8þ 6:7
δ

a

� �
ð4Þ

The first term within the square brackets corresponds to an
inertia force that is proportional to the particle mass
(Sauerbrey term), and the last two terms correspond to two
force contributions from the coupled fluid. The first is an
inviscid contribution, which scales with the particle volume
∼a3, and the second is a viscous contribution, which scales
with the particle area times the penetration depth ∼a2δ.
Inserting eqn (4) into (the real part of ) eqn (1) gives the follow-
ing QCM-D frequency shift Δf:

Δf
n

¼ �Nf0ρFa
3

mQ
4:2

ρP
ρF

þ 4:8þ 6:7
δ

a

� �
ð5Þ

To arrive at eqn (5) we have multiplied the single particle
result [eqn (4)] by the number of adsorbed particles N and we
have used that f = f0n, where f0 is the quartz fundamental fre-
quency and n is the overtone number. For convenience, we

Fig. 2 Numerical simulation of a sphere attached to an oscillating wall. (a) Simulated x component of the fluid velocity ux in the (x, z) plane, inter-
secting the sphere (see Fig. 1a). In this case, δ/a = 0.6 and the snapshot is taken at time t = 7T/4, which is the moment when the quartz velocity
equals zero. Here, δ is the penetration depth, a is the particle radius and T is the oscillation period. (b) Theoretical fluid velocity in the absence of the
sphere using the same parameters as in (a): ux(t = 7T/4) = |Û|sin(z/δ)exp(−z/δ). Here, |Û| = 10−4 Δx/Δt is the absolute value of the velocity amplitude
and Δx and Δt are the grid spacing and the time step, respectively. In panels (a) and (b), blue corresponds to ux = 0 and red corresponds to ux =
0.3|Û|. (c) The ux profiles on the line traces, which are indicated in (a) and (b) with (1), (2) and (3).

Paper Analyst

3374 | Analyst, 2017, 142, 3370–3379 This journal is © The Royal Society of Chemistry 2017

Pu
bl

is
he

d 
on

 0
2 

A
ug

us
t 2

01
7.

 D
ow

nl
oa

de
d 

by
 N

an
ya

ng
 T

ec
hn

ol
og

ic
al

 U
ni

ve
rs

ity
 o

n 
4/

12
/2

01
9 

4:
03

:4
0 

A
M

. 
View Article Online

http://dx.doi.org/10.1039/c7an00456g


rewrite eqn (5) into an expression involving the particle surface
fraction ϕ = π(a/L)2:

Δf
n

¼ �ϕ
f0
π
ρF
ρQ

a
lQ

4:2
ρP
ρF

þ 4:8þ 6:7
δ
a

� �
ð6Þ

Here, we have used that N = AQ/L
2 and mQ = ρQAQlQ, where

AQ is the quartz surface area, L is the inter-particle distance,
lQ is the thickness of the quartz and ρQ is the mass density of
the quartz.

Eqn (6) predicts that the hydration ratio H of the coupled
fluid mass to the total coupled mass (particle plus
fluid) decreases with increasing particle size as:

H ¼ 4:8þ 6:7
δ

a

� �
= 4:2

ρP
ρF

þ 4:8þ 6:7
δ

a

� �
, and equals H = 0.9

for a = 15 nm, which is reasonably close to the measured value
of H = 0.8 for a = 15 nm liposomes.27

Note that the δ/a term within the square brackets in eqn (6)
depends on the overtone number n since δ = (νF/πf0)1/2n−1/2.
Thus, eqn (6) predicts that Δf/n depends on overtone, which is
typically observed for heterogeneous layers of adsorbed
particles.23,24,30,45–47 In the literature, this overtone depen-
dence is usually attributed to the softness of the particles, e.g.,
proteins, viruses and vesicles, or to the softness of the bonds
between the particles and the substrate.22,48 The present result
[eqn (6)], on the other hand, supports a purely hydrodynamic
explanation for the overtone dependence of Δf/n for hetero-
geneous layers, which was also suggested using roughness
theory18 for heterogeneous protein films.22,47

It is emphasized that the linear relationship between
Δf/n and δ/a [eqn (6)] is valid for δ/a < 3, while for δ/a > 3, the
Δf/n is seen to deviate from linearity (Fig. 3a), which is consist-
ent with the simulated insensitivity of Δf/n towards n for
proteins with a = 6 nm, where δ/a ranges between 42 and 12
for n between 1 and 13.22

Fig. 3b shows the imaginary part J of the scaled QCM-D
force J(ΔF̂/[iρFa3ωÛ]) as a function of δ/a. This quantity,
which corresponds to the QCM-D bandwidth shift or dissipa-

tion shift, represents the dissipative force, which originates
from viscous friction and is directed opposite to the quartz
velocity. As can be seen from Fig. 3b, this friction force is a
factor of four smaller than the inertia force R(ΔF̂/[iρFa3ωÛ])
(Fig. 3a), which is consistent with previous experiments and
simulation; see e.g. ref. 24. These data further support that
softness is not a requirement for a significant (overtone depen-
dent) bandwidth shift, as is sometimes suggested in the litera-
ture; see e.g. ref. 45. Instead our results indicate that these
effects also occur in purely rigid systems, due to viscous forces.

Vesicle adsorption experiments

QCM-D experiments are conducted using small unilamellar
vesicles (SUVs). The goal of the experiments is to demonstrate
the utility of eqn (6) to extract the size of spherical particles
from QCM-D measurement data. We use SUVs with nominal
(intensity weighted) radii of 27 nm (SUV1), 38 nm (SUV2) and
57 nm (SUV3); see Table 1. All vesicles are prepared in buffer
solution with 150 mM ionic strength. Prior to the QCM-D
experiment, the vesicles are mixed in buffer solution with an
ionic strength of 75 mM (low ionic strength). We conducted
one additional experiment where SUV2 was mixed in buffer
solution with a high ionic strength of 250 mM.

We start by analyzing the QCM-D data for SUV2 in low ionic
strength. Fig. 4a and b show the measured frequency shift
−Δf/n and bandwidth shift ΔΓ/n as functions of time t for
various overtones n. Note that in this work we plot the negative
frequency shift −Δf/n, since this quantity is itself positive.
Also, while the QCM-D instrument measures the dissipation
shift ΔD, in this work we report the bandwidth shift ΔΓ =
nf0ΔD/π, as this quantity is dimensionally equivalent to the fre-
quency shift. The vesicles are added at t = 0 min, and as
expected, monotonic adsorption is observed, reflected by the
monotonically increasing −Δf/n, that saturates roughly 20 min
after starting vesicle injection. In agreement with our numerical
results (Fig. 3) and with previous experimental results; see e.g.
ref. 24, the measured bandwidth shift (Fig. 4b) is a few-fold
smaller than the measured frequency shift (Fig. 4a).

Fig. 3 Real (inertia) part (a) and imaginary (friction) part (b) of the scaled QCM-D force due to the adsorption of a sphere as a function of the scaled
viscous penetration depth δ/a. Here, ΔF̂ is the complex valued QCM-D force amplitude [defined in eqn (1)], ρF is the fluid mass density, ω is the
angular frequency, Û is the complex valued velocity amplitude of the quartz, a is the particle radius and δ is the viscous penetration depth. The
markers are simulation results and the line is the model [eqn (6)].
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Furthermore ΔΓ/n shows slight, non-monotonic behavior, which
has previously been observed for particulate adsorbates.24

In order to apply eqn (6) to extract the size of spherical par-
ticles from QCM-D data, we focus on the initial adsorption
phase, during which there is low particle surface coverage.
Fig. 4c shows that, for t < 0.8 min, the −Δf/n at the odd over-
tones is a linear function of time. Assuming a constant adsorp-
tion rate, the linearity of −Δf/n(t ) implies that there is negli-
gible hydrodynamic coupling between the adsorbed particles,
i.e., the hydrodynamic effect of an individual particle on the
QCM-D does not depend on the number of adsorbed particles.
Fig. 4c shows that −Δf/n(t ) is linear up to ∼25 Hz and by
inserting into eqn (6): −Δf/n = 25 Hz, lQ = 3 × 10−4 m, ρQ =
2.65 × 103 kg m−3, δ = 1.5 × 10−7 m, a = 4 × 10−8 m, n = 3, f0 =
5 × 106 Hz and ρP = ρF = 103 kg m−3 we find the corresponding
particle surface fraction of ϕ = 0.01 (1%), which is equivalent
to an average, inter-particle distance L of 19 particle radii a.
This inter-particle distance supports a negligible hydro-
dynamic interaction. It is noted that the final frequency shift
at saturation: −Δf/n = 125 Hz for n = 3 (Fig. 4a) is smaller than
what eqn (6) would predict. This discrepancy reflects that the
hydrodynamic force per particle diminishes, as the particles
get closer together, due to overlap of the fluid that is coupled
to neighboring particles. In the limit when particles are closely

together, the second and the third terms within the square
brackets of eqn (6) diminish:

Δf
n

¼ �4:2ϕ
f0
π
ρP
ρQ

a
lQ

ð7Þ

For the saturation frequency of −Δf/n = 125 Hz (n = 3 in
Fig. 4a), eqn (7) predicts a surface coverage of ϕ = 0.37 (37%).
However inserting ϕ = 0.37 into our low-coverage relationship
[eqn (6)] gives −Δf/n = 1011 Hz, which is an order of magni-
tude larger than the measured value of 125 Hz. This example
illustrates that eqn (6) can only be applied at low particle
surface coverage. It is noted that a 10-fold discrepancy has pre-
viously been observed between the mass equivalent of the
QCM-D frequency shift and alternative measurements of the
adsorbed liposome mass, based on, for instance, the surface
plasmon resonance technique; see e.g. ref. 49.

In Fig. 4d, −Δf/n is plotted as a function of the penetration
depth δ = (νF/πf0)1/2n−1/2 at a fixed time of t = 0.4 min. Since, in
the linear adsorption regime, −Δf/n(δ) is independent of time
(up to a proportionality constant), the exact value of t has no
effect on the following analysis. For δ/a < 3, the modeled fre-
quency shift −Δf/n [Fig. 3a and eqn (6)] contains two terms,
i.e., a constant term and a linear term (as functions of δ), while

Fig. 4 Experimental QCM-D data for adsorption of SUV2 in low ionic strength. (a) Negative frequency shift (divided by overtone number n) −Δf/n
for various n as a function of time. (b) Bandwidth shift (divided by overtone number n) ΔΓ/n for various n as a function of time. (c) Negative fre-
quency shift during the initial, linear adsorption phase. (d) −Δf/n as a function of penetration depth δ = (νF/πnf0)1/2 at t = 0.4 min, where νF is the fluid
kinematic viscosity (of water) and f0 is the fundamental frequency of the quartz. The solid line is a fit of eqn (6), where the surface coverage ϕ and
the particle radius a act as fitting parameters. In all panels, the measurement noise is smaller than the marker size.
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for δ/a > 3 the modeled frequency shift deviates from linearity.
Consequently, we can obtain two parameters (particle radius a
and particle surface fraction ϕ) by fitting eqn (6) to the experi-
mental data in Fig. 4d, excluding n = 3, which corresponds to
δ/a > 3, as seen in Fig. 6a below. We thereby obtain ϕ = 5.6 ×
10−3 (0.56%) and a = 32 nm, which is within 16% of the value
a = 38 nm, measured by DLS (see ESI Fig. S4‡). The small dis-
crepancy may partly be attributed to the fact that smaller vesi-
cles diffuse faster towards the surface than larger vesicles,
which would result in a slightly smaller mean vesicle radius on
the surface (measured by QCM-D) than in the bulk solution
(measured by DLS).50

Next we compare eqn (6) to an alternative method to extract
the particle size from QCM-D data.23 This method, which is
illustrated in Fig. 5, involves extrapolating the QCM-D data on
the (−Δf/n, −ΔΓ/Δf ) – plane to the limit of zero energy dissipa-
tion: ΔΓ = 0. The intercept −Δf*/n of the extrapolation with the
horizontal axis is interpreted as that of a rigid film with a
thickness twice the particle radius. The radius can thus be
found by invoking the Sauerbrey relationship:

Δf *
n

¼ �f0
ρP
ρQ

2a
lQ

ð8Þ

For SUV2 in low ionic strength (Fig. 5), we find a = 20 nm,
which is 50% smaller than the DLS result: a = 38 nm. This
example illustrates that, at high particle surface coverage,
QCM-D data interpretation is complicated by hydrodynamic
interactions between the particles. Therefore, the effective film
height [assumed 2a in eqn (8)] may be sensitive to the con-
figuration of the particles on the QCM-D surface.

We continue to experimentally verify our model [eqn (6)]
using two additional vesicles: SUV1 and SUV3 (see Table 1),

with nominal (intensity weighted) radii of a = 28 and 57 nm,
respectively, measured by DLS (see ESI Fig. S4‡). Experimental
Δf data are plotted in Fig. 6a, together with the numerical
data. Here the experimental frequency shift as well as the
penetration depth is scaled with the vesicle radius, obtained
from DLS, and the unknown particle surface fraction ϕ is
found by fitting eqn (6) to the experimental data. The experi-
mental Δf data agree well with eqn (6), provided that δ/a < 3.

To extract the particle size we fit eqn (6) to the (δ, −Δf/n)
data. Following this procedure we find for SUV1, SUV2 and
SUV3 a particle radius of a = 24 nm, 32 nm and 53 nm, which
are within 16% of a = 28 nm, 38 nm and 57 nm, respectively,
obtained from DLS. These results confirm the applicability of
eqn (6) to determine particle radius a from QCM-D data. This
furthermore supports the fact that the assumptions underlying
eqn (6) are to a reasonable extent satisfied by SUV1, SUV2 and
SUV3 adhering to TiO2 under low ionic strength conditions.
This suggests that, in this system, the adhesion between these
SUVs and the substrate is sufficiently strong to ensure rigid
adhesion, but not as strong as to induce substantial
deformation.

Experimental ΔΓ data in Fig. 6b for SUV1, SUV2 and SUV3
are within 15% of the numerical values (Fig. 3b). The discre-
pancy is somewhat larger than for the frequency shift
(compare Fig. 3a and 6a), reflecting that for these systems, the
bandwidth shift is more difficult to accurately measure or
simulate than the frequency shift; see also ref. 21.

In order to scrutinize the effect of the ionic strength on the
vesicle shape, we conduct a control experiment, using SUV2
(a = 38 nm obtained from DLS) under high ionic strength con-
ditions (250 mM NaCl). Based on a diffusion limited adsorp-
tion model: N ∼ cQ1/3D2/3t [see ESI eqn (S3)‡], the number of
adsorbed vesicles N in high ionic strength is expected to be the
same as in low ionic strength. This is because both experi-
ments are conducted using identical SUV bulk number density
c and volumetric flow rate Q, and the (possible) change in
vesicle bulk diffusivity D is less than 10% under an (osmotic)
constant-area deformation from spherical to ellipsoidal.51,52 In
ESI Fig. S4‡ we use DLS to measure D in different ionic
strengths, which confirms insensitivity towards shape
deformation.

Fig. 6c shows the frequency shift during the initial, linear
adsorption phase of SUV2 in high ionic strength. Compared to
SUV2 in low ionic strength (Fig. 4c), SUV2 in high ionic
strength induces a smaller −Δf/n. Assuming similar N in both
cases, this suggests a reduced vesicle volume, i.e., the
adsorbed vesicles in high ionic strength appear to be
deformed, which is consistent with increased vesicle-substrate
attraction as well as osmotic pressure-induced deformation.

In order to further scrutinize the effect of high ionic
strength on the adsorbed vesicle shape, we analyze in Fig. 5
the corresponding QCM-D data, by using the extrapolation
method.23 This method involves plotting the QCM-D data on
(−Δf/n, −ΔΓ/Δf ) coordinates and intersecting the linear curve
fit with the horizontal axis. The intersect may be interpreted
as an effective film height, by using the Sauerbrey relationship;

Fig. 5 Experimental QCM-D data on (−Δf/n, −ΔΓ/Δf ) – coordinates
using SUV2 in low ionic strength (75 mM) and in high ionic strength
(250 mM). The data follow straight lines, which, when extrapolated, inter-
cept the horizontal axis at an overtone-independent frequency shift
−Δf*/n, which according to ref. 23 can be related to the particle radius:
a = −Δf*lQρQ/(ρP2nf0), where f0 is the quartz fundamental frequency and
lQ is the thickness of the quartz, which results in a = 20 nm for the vesi-
cles in low ionic strength and a = 11 nm for vesicles in high ionic strength.
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see eqn (8). As shown in Fig. 5, the resulting, effective film
height for SUV2 in high ionic strength is 50% smaller than the
corresponding film height in low ionic strength, which sup-
ports that the vesicles in high ionic strength are substantially
deformed as compared to the vesicles in low ionic strength.

It is noted that, since the adsorbed vesicles in high ionic
strength are expected to be non-spherical, eqn (6) cannot be
applied to find the vesicle size. To illustrate this case, we plot
in Fig. 6a and b the experimental data for SUV2 in high ionic
strength together with the corresponding data in low ionic
strength. The corresponding scaled frequency shift shows a
significantly smaller slope as a function of the scaled pene-
tration depth (Fig. 6a), and the bandwidth shift is ∼50%
smaller than for the vesicles in low ionic strength.
Furthermore, when we fit eqn (6) to the corresponding
−Δf/n(δ) data, we find a = 190 nm, which is five times as large
as the expected value of a = 38 nm (DLS). This discrepancy
underscores that the vesicles in high ionic strength are non-
spherical and cannot be described by eqn (6), which is valid
for spherical particles only.

In summary, eqn (6), which is based on curve fitting the
outcome of simulations of the hydrodynamics around spheri-
cal particles, correctly extracts the particle size from QCM-D
data for sufficiently small vesicles in low ionic strength, while
for vesicles in high ionic strength the extracted value deviates
substantially from the reference measurement, which supports
substantial deformation of adsorbed vesicles in high ionic
strength.

Conclusion

Based on numerical simulation and dimensional analysis, we
have derived a model for the quartz crystal microbalance fre-
quency shift Δf, due to the adsorption of spherical particles in

the range: δ/a < 3, where a is the particle radius and δ is the
viscous penetration depth, which corresponds to the para-
meter range that is accessible for adsorbed particles, such as
globular proteins, viruses, colloids and vesicles. The model
considers the limit of a low surface coverage, i.e., a large inter-
particle distance, such that hydrodynamic coupling and mech-
anical interactions between particles may be ignored. The
model explains the experimentally observed overtone n depen-
dence of Δf/n due to a dependence of the coupled fluid on δ.
The model can be fitted to QCM-D data in order to extract the
size of spherical particles and the particle surface coverage.
Using this procedure, we determined the radius of three differ-
ently sized vesicles within 16% of DLS measurements, which
supports the fact that these vesicles behave hydrodynamically
similar as rigid spheres. This was accomplished by minimizing
the effects of adhesion-induced vesicle deformation, through a
tuning of the ionic strength. In conclusion, the present model
allows extracting heterogeneous adlayer properties from
QCM-D data, with applications across a wide range of biologi-
cal particulates (e.g., exosomes, viruses) and synthetic nano-
particles. Furthermore, the present numerical simulation
methodology can be applied to alternative adlayer configur-
ations, supporting the design of bio-inspired macromolecular
materials for instance.53

Author contributions

The manuscript was written through contributions of all
authors. All authors have given approval to the final version of
the manuscript.

Conflicts of interest

The authors declare no competing financial interest.

Fig. 6 Scaled frequency shift Δf (a) and scaled bandwidth shift ΔΓ (b) as functions of scaled penetration depth δ obtained from simulation and from
QCM-D experiments, using three different vesicles. The experimental data are scaled using the particle radius a from DLS (see Table 1) and using the
surface coverage ϕ that is a fitting parameter. The overtone number is n = 3, 5, 7, 9 and 11 and ρQ is the mass density of the quartz, ρF is the mass
density of the fluid and lQ is the thickness of the quartz. The solid line in (a) is eqn (6). (c) Negative frequency shift (divided by overtone number n)
−Δf/n for various n as a function of time during the initial, linear adsorption phase, for SUV2 in high ionic strength. Note that the frequency shift is
smaller than for SUV2 in low ionic strength (Fig. 4c), which is indicative of adhesion induced vesicle deformation.
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